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> ■ Abstract 

A new Lagrangian description that interpolates between the Nambu-Goto and Polyakov 

version of interacting strings is given. Certain essential modifications in the Poission bracket 

structure of this interpolating theory generates noncommutativity among the string coordinates 

for both free and interacting strings. The noncommutativity is shown to be a direct consequence 

of the nontrivial boundary conditions. A thorough analysis of the gauge symmetry is presented 

taking into account the new modified constraint algebra, which follows from the noncommutative 

structures and finally a smooth correspondence between gauge symmetry and reparametrisation 

Oh! is established. 
<D . 

^ PACS 11.15.-q, 11.10 Nx, ll.25.-w 



1 Introduction 

For the last few decades string theory has been regarded as the most promising step towards the 
fundamental theory uniting all the basic interactions at the Planck scale [1] . The dynamics of a 
bosonic string is described either by Nambu-Goto (NG) or Polyakov action. Both these actions, 
though very well-known in the literature, poses certain degrees of difficulty. NG formalism is 
inconvenient for path integral quantisation whereas Polyakov action involves many redundant 
degrees of freedom. However, yet another formulation, interpolating between these two versions 
of string action, has also been put forward in the literature [2]. This interpolating Lagrangian 
is a better description of the theory in the sense that it neither objects to quantization nor has 
as many redundancies as in the Polyakov version. Further, it gives a perfect platform to study 
the gauge symmetries vis-a-vis reparametrisation symmetries of the various free string actions 
by a constrained Hamiltonian approach [3j 2] . 
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Noncommutative (NC) theories, on the other hand has been one of the central areas of 
research recently [5]. In this context the study of open strings propagating in the presence of 
a background Neveu-Schwarz two form field has become important because it exhibits a 
manifest NC structure among the space-time coordinates of the D-branes [6] . Several approaches 
have been taken to obtain such results, for example a Dirac approach [7] is employed with the 
string boundary conditions (BC(s)) imposed as second class constraints in [9l[T0]. However, in 
a series of recent papers [2| fT2] . it has been shown explicitly that noncommutativity can be 
obtained in a more transparent way by modifying the canonical Poisson bracket (PB) structure, 
so that it is compatible with the BC(s). This is similar in spirit to the treatment of Hanson, 
Regge and Teitelboim |13j . where modified PB(s) were obtained for the free NG string. In a 
very recent paper [8], it has also been obtained using a conformal field theoretic approach. 

In the present paper, acknowledging the above facts, we derive a master action for interacting 
bosonic strings, interpolating between the NG and Polyakov formalism. Modification of the 
basic PB structure compatible with BC(s) followed by the emergence of the noncommutativity 
is shown in this formalism (in case of both free and interacting strings) following the approach 
in [21 \TT\ [T2] . Our results go over smoothly to the Polyakov version once proper identifications 
are made. Interestingly, we observe that a gauge fixing is necessary to give an exact NC solution 
between the string coordinates. Further, this gauge fixing condition restrict us to a reduced 
phase space of the interpolating theorjQ which in turn minimizes the gauge redundancy of the 
theory by identifying a particular combination of the constraints (that occurs in the full gauge 
independent theory) leading to a new involutive constraint algebra which is markedly different 
from that given in [2]. With the above results at our disposal, we go over to the study of 
gauge symmetry in the NC framework. Owing to the new constraint algebra we find surprising 
changes in the structure constants of the theory. Finally, we compute the gauge variations of 
the fields and show the underlying unity of diffeomorphism with the gauge symmetry in the NC 
framework. 

The organisation of the paper is as follows. In the next section we briefly review interacting 
string in NG formalism. This fixes the notations. Here we also extend the domain of definition 
of the fields and give the closure relations of Virasoro algebra. In section 3 we formulate the 
interpolating Lagrangian for interacting string, derive their corresponding boundary conditions 
and full set of constraints. Their identification with the usual NG and Polyakov version is 
demonstrated. Section 4 elaborates on the modification of the basic PB(s) of the interpolating 
theory (for both free and interacting case) to make the canonical structure compatible with 
the BC(s). In this section, one finds the emergence of noncommutative behavior among the 
coordinates. To give an explicit NC solution one needs to put a restriction on the phase space 
of the interpolating theory. In section 5 we systematically analyse the reduced gauge symmetry 
of bosonic string in light of the modified canonical setup. Finally we conclude in section 6. 



2 Interacting String in Nambu-Goto Formalism 

In this section, we analyse the NG formulation of the interacting bosonic string. As we shall 
see in the next section, this is essential in the construction of the Interpolating Lagrangian for 
the interacting string. The NG action for a bosonic string moving in the presence of a constant 
background Neveu-Schwarz two-form field reads: 
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(1) 



x As far as the study of gauge symmetry is concerned, we consider only free strings in the remainder of the 
paper. 
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where Cq is the free NG Lagrangian density given b}0 



{X.X'f - X 2 X' 2 



The string tension is kept implicit for convenience. The Euler-Lagrange (EL) equations and BC 
obtained by varying the action read: 

IP + K'" = 

K»\ a=0 ,n = (3) 



where, 



= lL = C, l (-X' 2 X, + (X.X')X^+eB, p X> 



dX» 

K » = ^= C o 1 (-X 2 X' fl + (X.X')X IM )-eB tllJ X v . (4) 

Note that ILj is the canonically conjugate momentum to X^. The nontrivial PB(s) of the theory 
are given by: 

{X»(T,a),n»(T,a')} = ri^6(a-a'). (5) 
The primary constraints of the theory are: 

Ol = Il^X'L 1 ps 

^2 = (H fl -eB^X' u ) 2 + X' 2 wO. (6) 
From the above PB structure (0), it is easy to generate a first class (involutive) algebra: 

{ni(ff),ni(*0} = [ni(tT) + n 1 {a f )]a <T 6(a-a f ) 

{n 1 (a),n 2 (a')} = [n 2 (a) + n 2 (a')] 8 a 5(a - a 1 ) 

{0 2 (a),Q 2 (a')} = 4[Oi(a) + J2i(<7 / )]d (T %-</)- (7) 

Now as happens for a reparametrisation invariant theory, the canonical Hamiltonian density 
defined by a Legendre transform vanishes 

H c = n M X" - C = 0. (8) 

This can be easily seen by substituting (JH) in ([8]). The total Hamiltonian density is thus given 
by a linear combination of the first class constraints ©: 

n T = -pn x - -n 2 (9) 

where p and A are Lagrange multipliers. It is easy to check that time preserving the primary 
constraints yields no new secondary constraints. Hence the total set of constraints of the inter- 
acting NG theory is given by the first-class system ([6]). 

Now we enlarge the domain of definition of the bosonic field X^ from [0, tt] to [— n, ir] by defining 

120 

X"(t, -a) = X"(t, a) ; B„ v -» -B^ under a -» -a. (10) 



2 Here X'" = ^andi" = ^. 

OCT OT 

3 This is done in order to write down the generators of r and a reparametrisation in a compact form. 
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The second condition implies that B^, albeit a constant, transforms as a pseudo scalar under 
a — * —a in the extended interval. This ensures that the interaction term eB^X^X'" in (JTJ) 
remains invariant under a — > — a like the free NG Lagrangian density Cq ((2|). Consistent with 
this, we have 

IP(t, -a) = IP(t, a), X'"(t, -a) = -X">(t, a). (11) 

Now, from (jlOp we note that the constraints Oi(cr) ~ and 02(c) ~ are odd and even 
respectively under a — * —a. Now demanding the total Hamiltonian density Tij- ([9]) also remains 
invariant under a — * —a, one finds that p and A must be odd and even respectively under 
a — ► — ex. 

We may then write the generator of all r and a reparametrisation as the functional [13J: 



L[f\ = \ I* da{f + (a)n 2 (a) +2f^a)Q 1 (a)} , (12) 
2 Jo 

where, f±(cr) = 2 "(/( CJ ) ^ /( — <T )) are D Y construction even and odd function and /(cr) is an 
arbitary differentiable function defined in the extended interval [— 7T, it]. The above expression 
can be simplified to: 

L[f] = ±£jaf(a)[n 2 (a) + 2n 1 (a)] 

= \f_/°f(°)\n^) + K^)- eB ^ x ' v ^)] 2 - ( 13 ) 

It is now easy to verify (using ([7])) that the above functional (|13p generates the following Virasoro 
algebra: 

{L[f(a)],L[g(a)]} = L[f(a)g'(a)-f'(a)g(a)]. (14) 

Defining 

L m = L[e~ ima ] , (15) 
one can write down an equivalent form of the Virasoro algebra 

{L m ,L n } = i(m-n)L m+n . (16) 
Note that we do not have a central extension here, as the analysis is entirely classical. 

3 Interpolating Lagrangian, boundary conditions and constraint 
structure of the Interacting String 

In the previous section we have reviewed the salient features of the interacting NG string. We 
now pass on to the construction of the interpolating action of the interacting string^. To achieve 
this end, we write down the Lagrangian of the interacting NG action in the first-order form: 

d = n M x^ - n T ■ (17) 

Substituting ([9]) in (fT7|) . £/ becomes 

d = Yl^X» + pYl^X'* 1 + £ [(IT 2 + X' 2 ) - 2eB lxv WX' v + e 2 B tiV B^X w X'p\ . (18) 



4 The construction of the interpolating action for the free string has been discussed in [5] . 



4 



The advantage of working with the interpolating action is that it naturally leads to either the NG 
or the Polyakov formulations of the string. In the Lagrangian (|18p . A and p originally introduced 
as Lagrange multipliers, will be treated as independent fields, which behave as scalar and pseudo- 
scalar fields respectively in the extended world-sheet, as was discussed in the previous section. 
We will eliminate 11^ from (|18p as it is an auxilliary field. The EL equation for II ^ is: 



XV + pX 'v + AIP - eXB^X' u = . 



(19) 



Substituting II M from (fl9j) back in (fTS]) yields: 



d = -— \x 2 + 2p{X.X') + {p 2 - \ 2 )X' 2 - 2\eB^X»X' 

LA L 



(20) 



This is the form of the interpolating Lagrangian of the interacting string. 

The reproduction of the NG action ([1]) from the interpolating action of the interacting string 
is trivial and can be done by eliminating p and A from their respective EL equations of motion 
following from (|20p . 

X -X' 



X' 2 

( x - x, y 



X 2 X 



X ,2 X ,2 



(21) 



If, on the other hand, we identify p and A with the following contravariant components of the 
world-sheet metric, 



„a6 
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(-9)-' 



I £. 

A A 

P (P 2 -A 2 ) 
A A 



(22) 



then the above Lagrangian (|20p reduces to the Polyakov form, 

£p = ~\ (V=99 ab daX»d b X^ - ee ab B^d a X»d b X») ; (a,b = r,a). (23) 

In this sense, therefore, the Lagrangian in (|20p is referred to as an interpolating LagrangiarH. 
We can now, likewise construct the interpolating BC from the interpolating Lagrangian (|20|) . 









a=0,n ^ 



A A 



X'" + eB^X v 



0. 



(24) 



<T=0,7T 



The fact that this can be easily interpreted as interpolating BC, can be easily seen by using the 
expressions (|2ip for p and A in (|24h to yield: 



Cq 1 (-X 2 X'^ l + (il'j X^ - eB» v X v 



a=0.7v 



o. 



(25) 



This is the BC of the interacting NG string (jj]). 

On the otherhand, we can identify p and A with the metric components as in (j22[) to recast ((24 
as: 



g la d a X»(o) + -^eB^d Q X v {a 



1 



9 



0. 



(26) 



5 It should be noted that the interpolating action has only two additional degrees of freedom, A and p, which 
does not fully match the three degrees of freedom of the worldsheet metric of the Polyakov action. However, 
due to Weyl invariance of the Polyakov action, only two of the three different metric coefficients g a b are really 
independent. This Weyl invariance is special to the Polyakov string, the higher branes do not share it. 
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which is easily identifiable with Polyakov form of BC [2j following from the action 
Using phase space variables X^ and n^, (|24p can be rewritten as 



(/TP + XX ,fM ) + eB% (u u - eB v ,X' p )] = 0. (27) 

V ^ / J (7=0.71 



Hence it is possible to interpret either of (|24p or (|27p as an interpolating BC. 
Now we come to the discussion of the constraint structure of the interpolating interacting string. 
Note that the independent fields in (j20|) are X^, p and A. The corresponding momenta denoted 
by n^, 7T p and ir\, are given as: 

n„ = -Ux„+pX')+eB^X" J 



" X - 

Tip = 

vr A = 0. (28) 
In addition to the PB(s) similar to ©, we now have: 

{P (r, a) , tt p (r, a')} = 5 (a - a') 

{X(T,a),7T X {T,a')} = 5(a-a'). (29) 



The canonical Hamiltonian following from (|20p reads: 

H c = -pll^ - ± { (H M - eB^X*') 2 + X' 2 } (30) 

which reproduces the total Hamiltonian ([9]) of the NG action. From the definition of the canon- 
ical momenta we can easily identify the primary constraints: 

= up 

= TT\ « . (31) 

The conservation of the above primary constraints leads to the secondary constraints and 
^2 of (Ej). The primary constraints of the NG action appear as secondary constraints in this 
formalising. The system of constraints for the Interpolating Lagrangian thus comprises of the 
set (|3ip and (JH]). The PB(s) of the constraints of (13ip vanish within themselves. Also the PB of 
these with (El) vanish. 



4 Modified brackets for Interpolating String 
4.1 Free Interpolating String: 

Let us consider boundary condition for free interpolating string which can be obtained by setting 
B„ v = in (1271): 

K»=[(pW + XX^)] a=0w = 0. (32) 

It is now easy to note that the above BC is not compatible with the basic PB ([5]). To incorporate 
this, an appropriate modification in the PB is in order. In [13 t l2"l [TT j |12j. the equal time brackets 
were given in terms of certain combinations (A+(<r, a')) of periodic delta function^ 

{X»(r, a), U v (t, a')} = 6^A + (a, a') (33) 
6 No more secondary constraints are obtained. 

7 The form of the periodic delta function is given by 8p(x — y) = Sp(x — y + 2ty) = y~] nC2 e m ( x ~y) and is 
related to the usual Dirac 5-function as S P (x — y) = ^2 nez S(x — y + 1-ktl). 
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where, 

A+ (er, a') = 5p{a — a') + 5p(a + a') = — | — cos(no-')cos(no") 

7T 7T 

A_(cr,cr') = 5 P (a - a') - 5 P (a + a') = -^2sm(na')sm(na) (34) 

rather than an ordinary delta function to ensure compatibility with Neumann BC 

d a X"(a)\ a=0> n = 0, (35) 

in the bosonic sector. Observe that the other brackets 

{X»(a),X v {a')} = (36) 
{U^(a),U v (a')} = (37) 

are consistent with the Neumann boundary condition (|35|h 

Now a simple inspection shows that the BC (|32p is also compatible with (|33jf ^l and (|37p , but not 
with (|29|) and (f36l) . Hence the brackets ([29]) and (|36|) should be altered suitably. 
Now, since /9 and A are odd and even functions of a respectively, we propose: 

{p(T,cr),TT p (T,cr')} = A_(cr,0-') 

{A^^.ttaCt,^)} = A + (a,a'). (38) 



and also make the following ansatz for the bracket among the coordinates ()36|) : 

{X^(t, o),X v {t, a')} = Ci" (a, a') ; where C^(a, a') = - C^(a', a) . (39) 



One can easily check that the brackets (J38J) are indeed compatible with the BC (|32p . Now 
imposing the BC (|32|) on the above equation (|39p . we obtain the following condition: 

d a C^ {a, a') | CT=0i7r = (a, a') \ a=0 , n . (40) 

Now to find a solution for C tJlU (a 1 a'), we choose^: 

«,(£)-0 (41) 

which gives a solution of C^ u (a,a') as: 

C^fo </) = rf v [K(<r)0(<r, a') - k^)©^, *)] ( 42 ) 
where the generalised step function 0(<r, <r') satisfies, 

S ff e(<r,<7 / ) = A+(ff,a / )- (43) 

Here, k(ct) = j(cr) is a pseudo-scalar. The tr in the parenthesis has been included deliberately 
to remind the reader that it transforms as a pseudo-scalar under a — > — a and should not be 
read as a functional dependence. The pseudo-scalar property of n{a) is necessary for C^(ct, <t') 



8 Note that there is no inconsistancy in (|35|l as <9 CT A+ (<j, a') | CT =o,7r = 0. 

9 The condition (|4ip reduces to a restricted class of metric for Polyakov formalism that satisfy d a goi = 0. Such 
conditions also follow from a standard treatment of the light-cone gauge [TJ. 
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to be an even function of a as X(a) is also an even function of a in the extended interval [—it, tt] 
of the string (|10p. An explicit form of Q(a,a') is given by |13j : 



6(cr, </) = — + - V* -sin(no-)cos(ncr') (44) 

having the properties, 



TT TT *—f U 



Q(a,a') = 1 for Off' 
and 8(ct, o-') = for a < o. (45) 

Using the above relations, the simplified structure of (|42p reads, 

{X»(T,a),X v {T,a')} = for a = a' 
{X^{T,a),X"(T,a')} = k{g)tT for a > a' 

= -K{a')rf v for a < a'. (46) 

We therefore propose the brackets (|33|) and (j46l) as the basic PB(s) of the theory and using these 
one can easily obtain the following involutive algebra between the constraints: 

{n 1 {a),n 1 {a')} = Sl 1 (o , )d a A+((T,o')+tl 1 ((T)d < rA-((T,o') 
{SliMMo*)} = (n 2 (a) + n 2 (a'))d a A + (a,a') 

{^(cr^K)} = 4(0 1 (a)5 <T A + (a,a , )+Oi(a , )^A_(a,a'))- (47) 

Note that a crucial intermediate step in the above derivation is to use the relation 

{X'»{a),X'»(a')} = (48) 

which follows from the basic bracket (|46|) [2j^l. 

We now compute the algebra between the Virasoro functionals using the modified constraint 
algebra (|47]1. 

{L[f(a)],L[g(a)]} = L[f{a)g'(a)-f{a)g(a)). (49) 



Interestingly, the Virasoro algebra has the same form as that of (|14p at the classical level. 
Consequently, the alternative forms of Virasoro algebra (fl~6j) is also reproduced here. 

It is now interesting to observe that the condition (|4ip (which is necessary for giving an 
exact NC solution (|42p ) reduces the gauge redundancy of the interpolating formalism as p and 
A are no more independent. Consequently, one should look for only a particular combination of 
the constraints ([6]) which gives a involutive algebra. 

To this end we go back to (I20p and study the effect of (I4ip on the free interpolating Lagrangian. 
Earlier it contained two additional fields p and A. However the interpolating Lagrangian depends 
only on one of these fields A (say) once the condition (I4ip is imposed and one gets the following 
reduced form of the Lagrangian: 

C red = -^X 2 - K (a)X -X' (50) 

Owing to the condition (|4ip . the free canonical Hamiltonian reduces to: 

n c = -K(a)XU-X' -^{U 2 + X' 2 } (51) 



5 Note that there were some errors in [5] and the correct constraint algebra was given in |12] , 
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having only one primary constraint, 

tt x « 0. (52) 
Conserving (|52p with the canonical Hamiltonian (|51|) we get the secondary constraint 

Q(a) = - [n 2 + X' 2 + 2k (a) II X' « (53) 

which generates the first class algebra (in NC framework): 

{n(a), fl(a')} =2[k (a) n(a)d a A+(a, a') - k (a') n(a')d a >A + (a, a')] (54) 

We shall study the consequences of the above algebra (|47p and (|54p in Section 5 where we make 
an exhaustive analysis of gauge symmetry. 

4.2 Interacting Interpolating String: 

The Interpolating action for a bosonic string moving in the presence of a constant background 
Neveu-Schwarz two-form field B^ u is given by, 



Si 



J dTda {~^k + 2 ^- X ') + ~ A2 ) X ' 2 " *et? b B lu ,d a Xi i d b X v ] | (55) 



where e 01 = — e 10 = +1. The constraint structure has already been discussed in the section 3. 
The boundary condition (BC) (|27p can be written in a completely covariant form as: 

\M% (d a X v ) + N^U U ] | CT= o )7r = (56) 

where, 



Aft = (\d^-e 2 B^B pUj 
N» v = {prT + eB^ u ). (57) 



This nontrivial BC leads to a modification in the original (naive) PBs ([5]). 
The BC (1561) can be recast as: 



(drX* + n p (iVM" 1 ) PM ) | CT=0jW = 0. (58) 

The {X^(a),H u (a')}pB is the same as that of the free string ()33|) . We therefore make similar 
ansatz like (|39p and using the BC ([55]) . we get: 

9 CT C M ,(a, a') | CT=CU = (iVM-^^A+Ca, a') | CT=0)7r . (59) 

As in the free case, we restrict to the class defined by d^{NM ) VjJl = which reduces to a 
restricted class of metric for Polyakov formalism. This reproduces the correponding equation 
in interacting Polyakov string theory (see [2], in particular Eq 52). We therefore, obtain the 
following solution: 

C^(a,a') = ±(NM-\ri(v)Q(*y)-±(NM-%ri(o')e(o',<T) 

+ l -{NM-\ M {a)[Q{a,a') - 1] + 1{NM-\ M (a')Q(a', a) (60) 

with (NM )(ufj,\ the symmetric and (iVM -1 )^] the antisymmetric part of (NM~ 1 ) U ^. 
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5 Gauge symmetry 



In this section we will discuss the gauge symmetries of the different actions and investigate 
their correspondence with the reparametrisation invariances. This has been done earlier for the 
free string case [3], however the canonical symplectic structure for the open string were not 
compatible with the general BC(s) of the theory. Now we shall investigate the gauge symmetry 
with the new modified PB structures (discussed in the earlier sections) which correctly takes 
into account the BC(s) of the theory. Importantly, the modified PB structure reveals a NC 
behavior among the string coordinates (|391 H2|) . As we have seen in the previous section, an 
explicit account of noncommutativity requires a gauge fixing (|4ip . thereby reducing the gauge 
redundancy of the interpolating picture. Note that the new generator of gauge transformation 
in the reduced phase space is (|53|) . For simplicity the following analysis of the gauge symmetry 
is done for the case of the free strings. 

Our discussion will be centered on the reduced interpolating Lagrangian (|50p as it provides 
an easy access to the analysis of gauge symmetry. The constraint structure of the reduced 
interpolating Lagrangian has already been discussed in the section 4.1. All the constraints are 
first class and therefore generate gauge transformations on £ re d but the number of independent 
gauge parameters is equal to the number of independent primary first class constraints, i.e. one. 
In the following analysis we will apply a systematic procedure of abstracting the most general 
local symmetry transformations of the Lagrangian. A brief review of the procedure of [15] will 
thus be appropriate. 

Consider a theory with first class constraints only. The set of constraints O a is assumed to 
be classified as 

[n a ] = [n ai -n a2 ] (6i) 

where a± belong to the set of primary and to the set of secondary constraints. The total 
Hamiltonian is 

H T = H c + SA ai O ai (62) 

where H c is the canonical Hamiltonian and A ai are Lagrange multipliers enforcing the primary 
constraints. The most general expression for the generator of gauge transformations is obtained 
according to the Dirac conjecture as 

G = £e°O a (63) 

where e a are the gauge parameters, only a\ of which are independent. By demanding the com- 
mutation of an arbitrary gauge variation with the total time derivative, (i.e. (Sq) = 5 fj|<zj) 
we arrive at the following equations [T6] 

rlf ai / \ 

SX ai = -g- ~ e a (v? + A 6l C£ ) (64) 

lie 0,2 / \ 

0= V" e °( y " 2+A (65) 

Here the coefficients V^ 1 and C^ a are the structure functions of the involutive algebra, defined 
as 

{H c ,n a } = v£n b 

{n a ,n b } = c^ b n c . (66) 

Solving (f65|) it is possible to choose a% independent gauge parameters from the set e a and express 
G of (|63p entirely in terms of them. The other set (|64p gives the gauge variations of the Lagrange 
multipliers 

11 It can be shown that these equations are not independent conditions but appear as internal consistency 
conditions. In fact the conditions (|64|l follow from (|65p 15] . 
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We begin the analysis with the interpolating Lagrangian (|2Up . It contains additional fields 
p and A. We shall calculate the gauge variation of these extra fields and explicitly show that 
they are connected to the reparametrization by a mapping between the gauge parameters and 
the diffeomorphism parameters. These maps will be obtained later in this section by demanding 
the consistency of the variations 5X^ due to gauge transformation and reparametrization . 

The full constraint structure of the theory comprises of the constraints (|31|) along with 
([!]). We could proceed from these and construct the generator of gauge transformations. The 
generator of the gauge transformations of (|20p is obtained by including the whole set of first 
class constraints Qi given by (f3T1) and © as 

G = ( daa^i (67) 



where only two of the a^s are the independent gauge parameters. Using (|65j) the dependent 
gauge parameters could be eliminated. After finding the gauge generator in terms of the inde- 
pendent gauge parameters, the variations of the fields X 1 *, p and A can be worked out. But 
the number of independent gauge parameters are same in both N-G ([1]) and interpolating (|20p 
version. So the gauge generatoio is the same for both the cases, namely: 

G= I do (aifii + a 2 ft 2 ) 



Also, looking at the intermediate first order form (jl8[) it appears that the fields A M were already 
there in the N-G action (pQ). The other two fields of the interpolating Lagrangian are p and A 
which are nothing but the Lagrange multipliers enforcing the first class constraints ([6]) of the 
N-G theory. Hence their gauge variation can be worked out from (|64H . We prefer to take this 
alternative route. For convenience we relabel p and A by Ai and A 2 

Ai = p and A 2 = — (69) 

and their variations are obtained from (|64p 

SXi (a) = -ai- J do'do"C k / (a', a", a) X k (a 1 ) a 5 (a") (70) 

where Cjy 1 (a', a" , a) are given by 

{n a (a) , (a') } = I da"C af ? (a, a', a") fi 7 (a") (71) 

Observe that the structure function V a b does not appear in (|70p since H c = for the NG theory. 
The nontrivial structure functions C a ^ (a, a 1 , a") are obtained from the constraint algebra (|47[) 
as: 

Cn^ayy) = (d a A + {a,a'))A^{a',a") + (d a A^(a,a'))A.(a,a") 
C 2 2 1 {cj,o',a") = i(d a A + (a,a'))A^(a,a")+4(d a A^(a,a'))A^{a',a") 
C 12 2 (a, a', a") = d a A + (a, a') [A+ (a, a") + A + (a', a")] 

C 21 2 (a,a',a") = 5 ff A_ (a, a') [A+ (a, a") + A + (a', a")} (72) 

all other C^b^'s are zero. Note that these structure functions are potentially different from 
those appearing in [H [4] in the sense that here periodic delta functions are introduced to make 



12 Note that the gauge parameters q?i and 0:2 are odd and even respectively under a 



11 



the basic brackets compatible with the nontrivial BC. Using the expressions of the structure 
functions (|T2|) in equation (|70p we can easily derive: 

SXi = -di + (ai^iAi - Ai^iai) + 4 (a 2 3iA 2 - A 2 9ia 2 ) 

6X2 = —a.2 + (a 2 <9iAi - \\d1a2) + (ai<9iA 2 - A 2 <9iai) (73) 

From the correspondence (|69p . we get the variations of p and A as: 

bp = — a\ + {a\d\p — pd\a\) + 2 (a 2 <9iA — A3ia 2 ) 

5X = — 2d 2 + 2 (a 2 5i/> — p3iQ 2 ) + (ai^iA — A(9iai) (74) 

In the above we have found out the full set of symmetry transformations of the fields in the 
interpolating Lagrangian (|20p . These symmetry transformations (|74p were earlier given in [T7] 
for the free string case. But the results were found there by inspection @. In our approach OH] 
the appropriate transformations are obtained systematically by a general method applicable to 
a whole class of string actions. 
Now choosing 

= 2K(cr)a 2 (cr) (75) 

one can write (1681) as: 



G = J daai{a) [n 2 + X' 2 + 2k (a) U • AT'] (76) 

which is nothing but the generator of gauge transformation in the reduced interpolating frame- 
work ([331 . 

The nontrivial structure functions C (a, a', a") obtained from (I54p and (|71jl are: 

C (a, a', a") = 2 [l ff ff (A+ (a, a')) A + (a, a") - Vd ff , (A+ (a, a')) A + (a', a")] . (77) 

Substituting the structure functions in equation (|70j) yields the variation in A to be: 

5A = -d + 2 l ff (ad a X - Xd a a) . (78) 

which can also be obtained by substituting (|75jl in (|74jl . We are still to investigate to what 
extent the exact correspondence between gauge symmetry and reparametrisation holds in our 
modified NC framework. This can be done very easily if we stick to the method discussed in 

To work out the mapping between the gauge parameters and the diffeomorphism param- 
eters we now take up the Polyakov action (|23|) . Here the only dynamic fields are X^. The 
transformations of X^ 1 under (|68h can be worked out resulting in the following: 



SX^a) = {X^a), G} = (axX'Ja) + 2a 2 IX» ) (79) 



We can substitute for 11^ to obtain: 



5X^ = ( ai -2a 2 V=g 9 m X' - 2y^ g 00 a 2 X, t (80) 



This is the gauge variation of X^ in terms of X'u and Xn where the cofficients appear as 
arbitrary functions of a and r. So we can identify them with the arbitrary parameters Ai and 
Ao characterising the infinitesimal reparametrization [14J: 

t' = t — Ao 
a' = a - Ai 



For easy comparison identify ai = 77 and 2«o = e 
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and that of g ab as: 

5g ah = D a A b + D b A a (82) 

where 

D a A b = 8 a A b - T ab c A c (83) 

T ab c being the usual Christoffel symbols |14j . The infinitesimal parameters A a characterizes 
reparametrisation. 

Comparing ([50]) and (|81|) , we get the map connecting the gauge parameters with the diffeo- 
morphism parameters: 

A = -2^g 00 a 2 

Ai = ( ai -2a 2 ^g 01 ) (84) 
Using the definitions (|2ip . this map can be cast in a better shape: 

Al = ( ai " 2 ?) 

A = (85) 



All that remains now is to get the variation of p and A induced by the reparametrisation (|82j) . 
The identification (|22p and (|82p reproduces (|74|) as the variations of /? and A. This establishes 
complete equivalance of the gauge transformations with the diffeomorphisms of the string. 
Once again in the reduced case the condition (|75|) leads to the following map: 

A° = -\a ; A x = (86) 
A 



This along with (|82p reproduces (|78p as the variation of A. The mapping (|86p thus establishes 
complete equivalance in the reduced case. 



6 Discussion 



In this paper, we have developed a new action formalism for interacting bosonic string and 
demonstrated that it interpolates between the NG and Polyakov form of interacting bosonic 
actions. This is similar to the interpolating action formalism for free string proposed in [2]. We 
have also modified the basic PBs in order to establish consistency of the BC with the basic PBs. 
We stress that contrary to standard approaches, BC(s) are not treated as primary constraints 
of the theory. Our approach is similar in spirit with the previous treatment of string theory 
[131 121 CE2] ■ The NC structures derived in our paper go over smoothly to the Polyakov version once 
suitable identifications are made. However, to give explicit forms of the NC structures suitable 
gauge fixing needs to be done. We then set out to study the status of gauge symmetries vis-a- 
vis reparametrisation in this NC set up and establish the connection between gauge symmetry 
and diffeomorphism transformations. Finally, we feel that it would be interesting to investigate 
whether non-critical strings can be discussed using the interpolating action in a path-integral 
framework. 
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